Abstract
Introduction
Mapping functions that transform certain domains into themselves are widely used in computer graphics. In image warping and morphing, an image is distorted by a 2D mapping function that gives a new position for each point in the image [14] . In deformation techniques such as free-form deformations [12] , 3D mapping functions are used to determine the deformed positions of object points. In volume morphing, user-specified features are aligned by distorting given volumes with 3D mapping functions [2, 10] .
In these areas, the injectivity (one-to-one property) of a mapping function is important in order to obtain good results. In image warping and morphing, if a mapping function is not injective, the resulting distorted image may contain undesirable wrinkles because parts of the original image fold upon nearby parts. Several techniques have been ¡ leesy@postech.ac.kr, http://www.postech.ac.kr/¢ leesy developed to generate injective mapping functions for image warping and morphing [3, 7, 8, 9] . In deformation techniques, the injectivity of a mapping function guarantees that no self-intersection is introduced to an object in the deformation process. In volume morphing, there is no ambiguity in determining the voxel values of a distorted volume if the mapping function is injective.
Due to their local control property and simplicity, uniform cubic B-spline functions have been used for mapping functions in image morphing and 3D deformation. A 2D uniform cubic B-spline function is defined by applying uniform cubic B-spline bases to 2D control points in a 2D control lattice. Similarly, a 3D uniform cubic B-spline function is determined by a 3D parallelepiped control lattice that consists of 3D control points. Note that each of the 2D and 3D B-spline functions is different from a B-spline surface, which is a function from 2D to 3D obtained by a 2D control lattice with 3D control points. Lee et al. used 2D B-spline functions to efficiently generate mapping functions in image morphing [8, 9] . 3D B-spline functions have been adopted to develop direct manipulation techniques for free-form deformations [5, 6] .
To obtain injective mapping functions in image morphing, Lee et al. presented a sufficient condition for the injectivity of a 2D uniform cubic B-spline function [8, 9] . The sufficient condition provides a single bound for the displacements of control points that guarantees the injectivity of a 2D B-spline function. However, this condition cannot handle the case in which some of control point displacements are above the bound and the others are far below the bound but the resulting function is still injective. Goodman and Unsworth proposed a sufficient condition for a 2D Bézier surface to be injective [4] , which can be applied to a 2D B-spline function. For an £ ¥ ¤ § ¦ lattice of control points, the condition contains¨£
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linear inequalities. Unfortunately, when the number of control points is large, the time to check the condition becomes prohibitive. Although it could be useful in 3D deformation and volume morphing, there has been no research on an injectivity condition for a 3D B-spline function.
In this paper, we consider the injectivity conditions of 2D and 3D uniform cubic B-spline functions. We first propose a geometric interpretation of the injectivity of a 2D B-spline function. Based on this geometric interpretation, we obtain novel sufficient conditions for the injectivity of a 2D B-spline function. The sufficient conditions are represented by inequalities of control point displacements and cover more cases than the previous result [8, 9] . To examine the injectivity condition of a 3D B-spline function, which has not been explored yet, we expand the geometric interpretation of injectivity to 3D. Sufficient conditions for the injectivity of a 3D B-spline function are then obtained, which are also represented by inequalities of control point displacements.
The remainder of this paper is organized as follows. In Section 2, we review the mathematical preliminaries. Sections 3 and 4 consider the injectivity conditions of 2D and 3D B-spline functions, respectively. Section 5 concludes this paper with future work. contains a self-intersection. Second, the injectivity may be violated locally among connected parts in a patch even though control lattice 3 is not self-intersecting. Although it is counterintuitive that a Bspline function may not be injective when a control lattice does not self-intersect, Lee et al. have shown an example of such configuration [9] .
Mathematical Preliminaries
In applications of B-spline functions such as morphing and deformation, the global violation of injectivity is not allowed in most cases and can be prevented by using selfintersection-free control lattices. Hence, in this paper, we focus on the local injectivity of a B-spline function, which cannot be determined by checking the self-intersection of a control lattice.
When we investigate sufficient conditions for the local injectivity of function 
Local Injectivity Conditions of 2D B-spline Functions
In this section, we first propose a geometric interpretation of the local injectivity condition of a 2D uniform cubic B-spline function |y . The two row vectors in the Jacobian matrix } e |y g are mapped to two regions in~y such that |y is locally injective if no line simultaneously passes through the origin and the two regions. We then obtain sufficient conditions for the local injectivity of |y b y computing control point displacements that guarantee such a configuration of the two regions. 
Geometric interpretation of 2D local injectivity

Bounding regions of
Similarly, we can show that
To obtain the second bounding region of º ¶°¿²¼´
, we introduce a constant Ü t ¶ t hat is related with uniform cubic B-spline basis functions: 
Sufficient conditions for 2D local injectivity
With the geometric interpretation presented in Section 3.1 and the bounding regions obtained in Section 3.2, we can derive sufficient conditions for the local injectivity of a 2D uniform cubic B-spline function. Let . We can obtain a sufficient condition that can handle this case by using the circular bounding region p r w " ©s #
. We first show a lemma related with a line passing through the origin and regions p r w " ©x u #y and p r w " ©x # . . Fig. 5 shows an example of such a configuration. Then we have¨
Lemma 6 If there is a line that simultaneously passes
. This implies that°¥¨ ³ ± ² '
.
Theorem 2 Function´ is locally injective all over the domain if
. Then, from Lemma 6, there cannot be a line passing through the origin that simultaneously intersects r " and r "
. This implies from Lemmas 1 and 5 that function´ is locally injective all over the domain.
Since constant ¶ "
is approximately
, the bounds e and given in Theorems 1 and 2 are ap-
, respectively. Then it seems that the sufficient conditions in Theorems 1 and 2 only provide very small bounds for control point displacements. However, by using the affine invariance property of B-splines, we can extend Theorems 1 and 2 to handle general cases with possibly large control point displacements. That is, the bounds can be applied to the normalized values of control point displacements instead of the given values.
To normalize the control point displacements, we consider a 2D affine transformation 
Á ÂÃ
when it is transformed by À X
. We determine the affine transformation À X so that it minimizes the approximation error,
. Such a transformation À X can be obtained by simple linear algebra [11] . Let The sufficient conditions in Theorems 1 and 2 are not necessary for the local injectivity of function´ even if we apply them to the normalized control point displacements. For example, let 
Local Injectivity Conditions of 3D B-spline Functions
In this section, we present sufficient conditions for the local injectivity of a 3D uniform cubic B-spline function by expanding the geometric interpretation and the bounding regions presented in Section 3 to 3D space. 
Geometric interpretation of 3D local injectivity
, and 
Bounding regions of
. It can be proved in a similar way to Lemma 2 that 
